
80-110 Practice Midterm Exam

Instructions
This is a practice midterm. Your answers won’t be collected or scored, but I will be going through
the solutions in class on Monday February 29th.

You should answer all of the short and medium answer questions and one of the long answer questions.

Name:

Short Answer Qs
Answer all Short Answer Qs

Q1 2 pts
Q2 2 pts
Q3 2 pts
Q4 2 pts
Q5 2 pts
Q6 2 pts
Q7 2 pts

Medium Answer Qs
Answer all Medium Answer Qs
Q8 5 pts
Q9 5 pts

Q10 5 pts
Q11 5 pts

Long Answer Qs
Answer 1 Long Answer Qs

Q12 10 pts
Q13 10 pts
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1 Short Answer Questions
These can be answered fully with one or two words or sentences, a simple formula or calculation, a short

proof etc. Please answer all questions in this section.

Question1 (2 points)
List two different activities that mathematicians regularly engage in.

Solution:

For example: 1. Making conjectures. 2. Proving theorems.

See the list on page 2 on Krantz for more activities.

Question2 (2 points)
Give an argument in the form of affirming the consequent. Is it valid?

Solution:

P1 If you studied hard then you got a good grade.

P2 You got a good grade

C You studied hard

No, it is not valid. Affirming the consequent is a fallacy.

See the “Arguments 101” handout on Blackboard.

Question3 (2 points)
What is a sound argument?

Solution:

A sound argument is a valid argument whose premises are all true. A valid argument is one in
which it is impossible for all of the premises to be true and the conclusion false.

See the “Arguments 101” handout on Blackboard.

Question4 (2 points)
Describe, in one or two sentences only, Euclid’s contributions to mathematics.

Solution:

Euclid organized all of the mathematical knowledge of his day into his famous Elements. He did this
by formulating axioms and definitions and then used these to rigorously derive theorems.

See Krantz section 2.2.
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Question5 (2 points)
What is a mathematical proof?

Solution:

A mathematical proof is an argument designed to establish the truth of the conclusion beyond all
doubt. More precisely, each step in the argument should either be an axiom (or a previously obtained
theorem) or be derived from the previous steps using accepted rules of inference.

See Krantz chapter 1.

Question6 (2 points)
Describe, in one or two sentences only, why people were afraid of infinity.

Solution:

People associated the notion of infinity with that of G-d or the Creator. Because of this, they thought
that working with or attempting to tame infinity would amount to heresy.

See Krantz section 3.4.

Question7 (2 points)
Describe, in one or two sentences only, Al-Khwarizmi’s contributions to mathematics.

Solution:

Al-Khwarizmi published the first algebra textbook and included recipes for solving linear and
quadratic equations. Additionally in another work he introduced the Arabic numeral system, which
was a great improvement over Roman numerals.

See Krantz section 3.2.1.
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2 Medium Answer Questions
The questions in this section can be answered fully with one or two paragraphs of prose, a more complicated

formula or calculation, a moderately complex proof etc. Please answer all questions in this section.

Question8 (5 points)
Describe, in one to two paragraphs, Cantor’s contributions to mathematics.

Solution:

Cantor was the father of set theory, creating a whole new branch of mathematics. In particular, he
discovered and proved that there are different sizes of infinity. For example the natural numbers are
the smallest size of infinity, but the real numbers are a larger size of infinity. To obtain these results,
Cantor developed a new way of comparing the sizes of two sets. Instead of counting the elements of
one set and then the other and then comparing the results, Cantor had the idea of trying to exactly
match up the elements of one set with the elements of the other. If the elements could be matched
up exactly (in more precise terminology, if there was a bijection between them) then they were the
same size. If there was no such exact matching (in more precise terminology, if there was no bijection
between them) then they had different sizes.

One result that Cantor really wanted to prove but couldn’t is the Continuum Hypothesis (CH),
which claims that there is no set with cardinality (size) between that of the naturals and that of the
reals. This hypothesis is still controversial today, with some mathematicians accepting it and others
rejecting it. However, it can be neither proved nor disproved from the axioms of Zermelo Fraenkel
set theory with the Axiom of Choice. Indeed, Gödel and Cohen demonstrated that it is independent
of these axioms.

See the Plus articles by Elwes—there are links to them on Blackboard
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Question9 (5 points)
Prove that

√
5 is irrational. You may use, without proof, the following fact so long as you indicate in

your proof where you use it: If 5 evenly divides n2 then 5 evenly divides n.

Solution:

Theorem 1. If 5 evenly divides n2 then 5 evenly divides n.

Theorem 2.
√

5 is irrational

Proof. Suppose, for a contradiction that
√

5 is rational. Then there are integers p, q such that
√

5 = p
q

where p and q have no common factor (greater than 1).

Squaring both sides and rearranging, we see that

5q2 = p2. (1)

Thus 5 evenly divides p2. By theorem 1, it follows that 5 evenly divides p. Thus we can write p = 5k
for some integer k. Substituting this into equation (1), yields:

5q2 = 25k2

Dividing both sides by 5 we obtain:

q2 = 5k2

Thus q2 is divisible by 5. Hence, by theorem 1, it follows that 5 evenly divides q. Thus 5 evenly
divides into both p and q. This means 5 is a common factor of p and q. But this contradicts our
original assumption. So

√
5 must be irrational.

See Krantz’s proof that
√

2 is irrational in “Methods of Proof” which is posted on Blackboard
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Question10 (5 points)
Test the following argument for validity using the truth table test. Your answer should include: an
explicit translation of the argument in question and an explicit statement of what the truth table test
shows.

Use “I” for “Euler had great imagination,” “D” for “Euler had great determination” and “P” for
“Euler could prove the Riemann Hypothesis.”

If Euler had great imagination and great determination, then he could prove the Riemann Hy-
pothesis.

Euler could not prove the Riemann Hypothesis.

Therefore Euler did not have great imagination.

Solution:

Here is a translation of the original argument in propositional logic:

((I �D) ⊃ P)

∼ P.

∴ ∼ I

I will test this for validity using the truth table test:

I D P ((I �D) ⊃ P) ∼ P ∼ I
0 0 0 1 1 1
0 0 1 1 0 1
0 1 0 1 1 1
0 1 1 1 0 1
1 0 0 1 1 0
1 0 1 1 0 0
1 1 0 0 1 0
1 1 1 1 0 0

The fifth row in this truth table makes all of the premises true and the conclusion false. Thus the
argument is invalid.

See Gensler section 6.6.
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Question11 (5 points)
Test the following argument for validity using the truth assignment test. Your answer should in-
clude: an explicit translation of the argument in question and an explicit statement of what the truth
assignment test shows.

Use “A” for “Mathematicians accept the Continuum Hypothesis,” “R” for “The Continuum Hypoth-
esis reflects our intuitions about sets” and “U” for “The Continuum Hypothesis is useful.”

If mathematicians accept the Continuum Hypothesis, then it either reflects our intuitions about
sets or it is useful.

The Continuum Hypothesis doesn’t reflect our intuition about sets.

Therefore mathematicians do not accept the Continuum Hypothesis.

Solution:

Here is a translation of the original argument in propositional logic:

(A ⊃ (R ∨U))

∼ R

∴ ∼ A

I will test this argument for validity using the truth assignment test:

(A1 ⊃ (R0 ∨U1)) = 1

∼ R0 = 1

∴ ∼ A1 = 0

As it is possible to find an assignment of truth values which makes all of the premises true and the
conclusion false (A = 1, R = 0, U = 1), the argument is invalid.

See Gensler section 6.7.
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3 Long Answer Questions
These can be answered fully with three to four paragraphs of prose. Please answer one of the following two

questions

Question12 (10 points)
What properties have mathematicians wanted axioms to possess throughout history (e.g. simplicity,
self-evidence etc)? Were they always able to make sure their axioms had these desirable properties?
Illustrate your answer with examples.

Solution:

I will examine the history of the Parallel Postulate (PP) from Euclidean geometry and the Axiom of
Choice (AC) from set theory to identify some of the desirable properties that mathematicians want
their axioms to possess. This will highlight that although the desirable properties seem reasonable,
it is not always possible to ensure our axioms possess them all.

One property that mathematicians generally want an axiom to satisfy is to be independent from the
other axioms of the theory. What this means is that mathematicians don’t want to be able to prove
it from the other axioms they take to be true (and they don’t want to prove its negation either!). The
reason behind this is simple: mathematicians don’t want to assume more than is necessary. This can
be witnessed by looking at the history of the PP. Mathematicians thought Euclid had made a mistake
by including the PP as an axiom, because they thought that it was instead a theorem. They spent a
lot of time trying to prove it from the other four axioms, and eventually discovered non-Euclidean
geometry in the process. However, it is not possible to prove the PP from the other axioms, so Euclid
was correct to include it as an axiom and it did indeed have the desired property of independence,
even if not all mathematicians recognized it at the time!

However, the history of the PP reveals another property that mathematicians often want their axioms
to possess: simplicity. This is admittedly a vague term, but the PP as originally stated did indeed
appear to be much more complex than the other axioms, requiring around a paragraph to state in
full! Indeed, this is why mathematicians of the time believed that the PP must be a theorem. If we
accept that the PP is not simple, then this shows that it is not always possible for our axioms to have
all of the desirable properties that mathematicians wanted them to have, because we do need the PP
for Euclidean geometry.

The history of the AC reveals two other conflicting desiderata: being able to prove many useful
results from our axioms, while at the same time avoiding strange or paradoxical results. Indeed,
some mathematicians objected to AC in part because it lead to a result called the Banach-Tarski
paradox. This was an extremely counterintuitive result, and the fact that we can use the AC to derive
it made some mathematicians very suspicious of the AC. However, without the AC many results
that we would like to obtain are in fact unobtainable and this has caused many mathematicians to,
at least tentatively, accept it.

In conclusion we have seen that there are many, sometimes conflicting, desirable properties that
mathematicians would like their axioms to possess. I have focused on independence, simplicity,
usefulness and avoidance of strange results.

See, for example, the Plus articles by Elwes, Dunham’s “Epilogue on Non-Euclidean Geometry” and the
“Activity: Comparing Postulates” on Blackboard.
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Question13 (10 points)
Compare the contributions of two mathematicians that we’ve looked at in the course. You should be
sure to describe their work in your answer.

Solution:

In this short essay I will compare the work of two number theorists: Fermat and Euler. My compari-
son will show that their work was complementary and provides a vivid example of the importance
of both conjecture and proof in mathematics.

Fermat had a keen sense of intuition and noticed a wide variety of patterns in the natural numbers.
For example, he noticed that primes of the form 4k + 1 could be represented uniquely as the sum
of perfect squares, while primes of the form 4k + 3 could not be represented as such a sum at all.
He also claimed that if a is an integer and p is a prime then p evenly divides ap − a, a result now
known as Fermat’s Little Theorem. However, while Fermat’s keen intuition lead him to make such
conjectures and thus shape the development of number theory, he was not always able to prove them.
Moreover, he would often claim to have a proof but would not reveal it.

A century later, many of Fermat’s conjectures had still not been proven, and they were brought to
Euler’s attention by Goldbach. Euler was able to prove many of them, including the two mentioned
above, thus confirming that Fermat was indeed correct. However, Euler also showed that some
of Fermat’s conjectures were mistaken! For example, Fermat had previously conjectured that all
numbers of the form 22n

+ 1 are prime, and this was indeed the case when n = 1, 2, 3, 4. However,
Euler was able to calculate 225

+ 1 and show that it is not a prime after all. This made Euler wary
about relying on results obtained by what he called “induction,” i.e. observing that patterns hold
for some numbers and then generalizing to conclude that they must hold for all numbers. However,
he did not reject Fermat’s use of “induction.” Instead, he recognized that it was an important for
generating conjectures, but that these conjectures then needed to be proved or disproved rigorously.

Fermat’s work thus focused on an important part of mathematics: making conjectures. Euler’s work
in number theory focused on proving (or disproving!) them. Their work was thus complementary:
Fermat’s conjectures lead to questions of the form “Is Fermat right about this?” and Euler’s work
settled those questions once and for all.

See, for example, “The Legacy of Fermat” by Dunham and “A Proof of Certain Theorems Regarding Prime
Numbers” by Euler, both of which are available on Blackboard.
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